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Abstract
Every irreducible finite-dimensional representation of the quantized enveloping
algebra U, (gl,) can be extended to the quantum affine algebra U, (gl,) via
the evaluation homomorphism. We give in explicit form the necessary and
sufficient conditions for irreducibility of tensor products of such evaluation
modules.

PACS numbers: 02.20.Sv, 02.10.Hh

1. Introduction

Let g be a simple Lie algebra over C. Finite-dimensional irreducible representations of the
corresponding quantum affine algebra U, (§) were classified by Chari and Pressley [3]; see
also [4, chapter 12]. The representations are parametrized by n-tuples of monic polynomials

(Pi(u), ..., P,(n)), where n is the rank of g. Moreover, every such representation is
isomorphic to a subquotient of a tensor product of the form
Lal(wi1)®"'®Lak(wik) (1.1)

where L,(w;) denotes the so-called fundamental representation of U, (§) which corresponds
to the n-tuple of polynomials with P;(u) = 1forall j # i and P;(u) = u — a, wherea € C
and w; is a fundamental weight. In general, the structure of the tensor product module (1.1)
appears to be rather complicated. Only recently, irreducibility conditions for this module were
found. These conditions were first conjectured by Akasaka and Kashiwara in [1] and proved
there in the cases where § is of type AV or CV. In some other cases the conjecture was
proved in different ways by Frenkel-Mukhin [8], Varagnolo—Vasserot [29] before the general
conjecture was settled by Kashiwara [13]. This result was generalized by Chari [2] who gave,
in particular, irreducibility conditions for tensor products of the representations corresponding
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to n-tuples of polynomials (P (u), ..., P,(u)) such that P;(u) = 1 forall j # i and the roots
of P;(u) form a ‘g-string’.

In the case where the Lie algebra g is of type A, the corresponding quantum affine algebra
admits a class of evaluation modules. Namely, as shown by Jimbo [11], there exists a family
of algebra homomorphisms ev, : U,(§) — U,(g) which allows one to extend any finite-
dimensional irreducible representation L(A) of U, (g) to a module L,(X) over U, (§), where
A is the highest weight of L(A) and a € C. In particular, if A = w; is a fundamental weight,
the evaluation module coincides with the fundamental representation L,(w;). Furthermore,
any finite-dimensional irreducible representation of U, (§) is isomorphic to a subquotient of a
tensor product module

L0 ® - ® Ly, W %) (1.2)

see e.g. [4, section 12.2]. Irreducible tensor products of form (1.2) thus provide an explicit
realization of a wider class of representations in comparison with modules (1.1). In fact, in
the case of g = sl, every type 1 irreducible finite-dimensional representation of U, (sly) is
isomorphic to a module of form (1.2); see [4, section 12.2].

In this paper, we prove necessary and sufficient conditions for irreducibility of the tensor
product (1.2). It is more convenient for us to work with the quantum affine algebra U, (a[n)
instead of U, (57[,1). The results can be easily reformulated for the latter algebra as well.
Our starting point is the important binary property established by Nazarov and Tarasov [24]
with the use of an observation made by Kitanine, Maillet and Terras [14, 16]. Namely,
representation (1.2) is irreducible if and only if for alli < j the modules Ly, (A)) ® Ly, (1)
are irreducible. Therefore, we only need to find an irreducibility criterion for the case
of k = 2 factors in (1.2). In fact, the binary property is proved in [24] in the Yangian
context. An explicit formulation for the quantum affine algebra case can be found in Leclerc,
Nazarov and Thibon [15]. A general binary cyclicity property was established by Chari [2]
for tensor products of arbitrary irreducible finite-dimensional representations of U, (§) with
g of any type. An irreducibility criterion for the induction products of evaluation modules
over the affine Hecke algebras of type A was given in [15]. It implies an irreducibility
criterion for the U, (a[n)-module L,(A) ® Lp(e) where the highest weights satisfy some extra
conditions: assuming that A and pu are partitions (one may do this without loss of generality),
one should require that the sum of the lengths of A and u does not exceed n. In the case
where X and p are multiples of fundamental weights, the irreducibility conditions are given by
Chari [2].

The same kind of irreducibility questions can be posed for the Yangians Y(g); see e.g.
[4, section 12.1]. An irreducibility criterion of the tensor product of two arbitrary evaluation
modules L,(A) ® L,(1t) over the Yangian Y(gl,,) is given in [19]. The conditions on A and
wu essentially coincide with those of [15]. Some particular cases of this criterion were also
established in [23]. It has been known as a ‘folklore theorem’ that the finite-dimensional
representation theories for the Yangian and the quantum affine algebras are essentially the
same. A rigorous result in that direction was recently proved by Varagnolo [28]. It allows one
to establish an irreducibility criterion for the quantum affine algebras by using the Yangian
criterion of [19]. However, the proof in [28] uses rather involved geometric arguments.
The aim of this paper is to give an independent direct proof of the irreducibility criterion
appropriately modifying the arguments of [19]. In particular, this requires a development of
a g-analogue of the quantum minor techniques employed in [19]. This provides a quantum
minor realization of the lowering operators for the quantized algebra U, (gl,) and allows
a new derivation of the g-analogue of the Gelfand-Tsetlin formulae; cf Jimbo [12], Ueno,
Takebayashi and Shibukawa [27], Nazarov and Tarasov [21], Tolstoy [26].
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2. Quantized algebras and evaluation modules

Fix a complex parameter ¢ which is nonzero and not a root of unity. Following Jimbo [11], we
introduce the g-analogue U, (g[,,) of the universal enveloping algebra U(gl,,) as an associative
algebra generated by the elements ¢4, . . ., #,, tl_l, R tn‘l, ey, ...,eg—1and fi, ..., f,—1 with
the defining relations

Litj =1t Lt = ti_ =1

tl.ejtlfl =e; qaij_ai.jﬂ f fjt;l — qu—tsij+5i.j+1
ki — k! )

[e;, fj] = 17115,‘}‘ with k; = titi:{ 2.1
q9—q9

lei, el =L1fi, f;i1=0 if Ji—jl>1

lei, [eix1, eilgly = [ fi, [ fix1s filglg =0
where we have used the notation [a, b]; = ab — {ba. The g-analogues of the root vectors are
defined inductively by

Cii+1 = €; eiv1,i = f;
eij = leir, exjlq for i<k<j 2.2)
eij = leir, exjly for i >k>j.

We shall also use an R-matrix presentation of the algebra U, (gl,,); see e.g. [11] and [25].
Consider the R-matrix
RZQZEU®Eii+ZEii®Ejj+(q—q_1)ZEij®Eji (2.3)
i i] i<j
which is an element of End C" @ End C", where the E;; denote the standard matrix units and

the indices run over the set {1, ..., n}. The quantized enveloping algebra U, (gl,) is generated
by the elements #;; and 7;; with 1 < i, j < n subject to the relations

tij =1;; =0 1<i<j<n
titii = tiitii = 1 1<i<n (2.4)
RT\'T, = T,T\R RT T, =T,TR RT T, = T-TR.
Here T and T are the matrices
T=) t;®E; T=)T,;®E; (2.5)
ij ivj

which are regarded as elements of the algebra U, (gl,) ® End C". Both sides of each of the
R-matrix relations in (2.4) are elements of U, (gl,,) ® End C" ® End C" and the subscripts of
T and T indicate the copies of End C" where T or T acts; e.g. Ty = T ® 1. An isomorphism
between the two presentations is given by the formulae

Liiliv1,i

tiivitii
q9—49 q9—4q
We shall identify the corresponding elements of Uy (gl,) via this isomorphism.

We now introduce the quantum affine algebra U, (g[,,) following [25]; see also [6, 9]. By
definition, U, (g[,,) has countably many generators ti(jr) and t_,-(jr) where 1 < i, j < n and r runs

over nonnegative integers. They are combined into the matrices

1 — 1 li_l

I—)fii e > —

Tw= Y tiwWE;  Tw=)Y iweE; @.7)

i,j=1 i,j=1
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where #;; (1) and ;; (1) are formal series in u " and u, respectively:

1) = Zz‘” 7ij(u) = Zt“) . (2.8)
The defining relations are

ti(JO)_f(O) 0 1<i<j<n

MO0 —F00 =1 1<i<an

Ru, v)T1 () T2(v) = To(v)T1 (u) R(u, v) (2.9)

R(u, )T 1 (u)T2(v) = To()T1(w)R(u, v)
R(u, )T () T2(v) = () T1 (W) R(u, v).
Here R(u, v) is the trigonometric R-matrix given by

R, v)=@w—-v)Y E;®Ej;+(q 'u —qv)ZEz, ® Ej;
i#]

+(q_l—Q)MZEij®Eji+(q_l—CI)U ZEij®Eji (2.10)
i>j i<j
where the subscripts of 7' (1) and T («) are interpreted in the same way as in (2.4).

Remark 2.1. It is apparently more common to use the name quantum affine algebra and
notation U, (a[n) for the central extension of U, (an). It is well known, however, that the
action of the central element c is trivial in finite-dimensional irreducible representations (see
e.g. [4, chapter 12]) so that our terminology should not bring an ambiguity.

The defining relations can easily be rewritten in terms of the generators. In particular, the
relations between the #;; () take the form
(g~ u — @ V)t;; Wt (V) + (¢~ — @) Uik + V& )t (W)t (V)
= (@ = gV )1 @) + (g7 = q) W< + vt W) (211
where 8; or §; < is 1 if the inequality for the subscripts holds and 0 otherwise.
A family of the evaluation homomorphisms ev, : U, (gl,) — U, (gl,) is defined by
Tw T —aTu™! Tw T —a'Tu (2.12)
where a is a nonzero complex number. Note that the R-matrix R(u, v) satisfies R(cu, cv) =
¢ R(u, v) for any nonzero ¢ € C. Therefore, the mapping
T ) — T(cu) T ) — T(cu) (2.13)

defines an automorphism of the algebra U, (E[n). Clearly, the homomorphism ev, is the

composition of such an automorphism with ¢ = a~! and the evaluation homomorphism

ev = ev) given by
Tw)—T—Tu! Tu)— T —Tu. (2.14)

There is a Hopf algebra structure on U, (é\[n) with the coproduct defined by

Alt) =Yt @) AFjw) =Y ) @ fij (). (2.15)

k=1 k=1
Finite-dimensional irreducible representations of U, (gl,) are completely described by
their highest weights; see e.g. [4, chapter 10]. Let L = (A1, ..., A,) be an n-tuple of integers
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with the condition A; > --- > A,. We shall call such an n-tuple a gl,-highest weight. The
finite-dimensional irreducible U, (gl,)-module L(X) corresponding to the highest weight A
contains a unique, up to a constant factor, vector £ such that

L€ = qhE and eijE =0 for i< j. (2.16)

Using the evaluation homomorphism (2.12) we can extend L (}) to the quantum affine algebra
U, (ET[n)- We call such an extension the evaluation module and denote it by L,(A). In the
case a = 1 we keep the notation L(2) for the evaluation module L;(4). Coproduct (2.15)
allows us to form tensor product modules of the type L, (1) ® L(1) over the algebra U, (gl,,).
Our main result is an irreducibility criterion of such modules. We note that without loss of
generality both evaluation parameters a and b can be taken to be equal to 1; see section 3
below. In order to formulate the result, we need the following definition [19]; cf [15]. Two
disjoint finite subsets A and B of Z are called crossing if there exist elements a;, a, € A and
by, by € B such that eithera; < by < ap, < by, or by < a; < by < a. Otherwise, A and B are
called non-crossing. Given a highest weight A with integer entries we set/; = A; —i + 1 and
introduce the following subset of Z:

Ay =1{l, b, ... L}

Theorem 2.2. The U, (a,l)-module L(x) ® L(w) is irreducible if and only if the sets A\ A,
and A, \ A, are non-crossing.

The proof of this theorem will be given in the following sections. The first step is to
reduce the problem to the case of the standard Borel subalgebra of U, (gl,). We call this
subalgebra the g-Yangian and denote by Y, (gl,); cf [21]. Then we develop an appropriate
g-version of the techniques of lowering operators and Gelfand—Tsetlin bases used in [19] for
the proof of such criterion in the Yangian case.

3. Evaluation modules over ¢-Yangians

We define the g-Yangian Y,(gl,) as the (Hopf) subalgebra of U, (an) generated by the
elements tl.(j’) with 1 < i, j <nandr > 0. The restriction of the evaluation homomorphism
(2.12) to the g-Yangian is given by the first formula in (2.12), or, equivalently, in terms of the
first presentation of U, (gl,), it can be written as

ti(u) — t; — ati_lu_1

l‘,‘j(u) — (g — q_l)l‘j €j if i>7j 3.1)
t,-j(u)f—>a(q—q_l)e,'jtlflu_] if i<j.
The highest weight of an arbitrary finite-dimensional irreducible representation L of

U, (gl,) may have a more general form than (2.16). Namely, if & is the highest vector of
L then

t;& = ;& and ejjE =0 for i<j 3.2)
for a collection (aq, ..., ;) of nonzero complex numbers of the form
ocizhsiq’\" i=1,...,n (3.3)

where 4 is a nonzero complex number, each ¢; is equal to 1 or —1, and the A; are integers
satisfying A; > A;4 for all i. We denote the corresponding representation by L (%, &, A) where

e=1(&1,...,€&n) A=A, .00, ). (3.4)



2390 AT Molev et al

The evaluation homomorphism ev,, allows us to regard L(h, €, A) as a Y, (gl,)-module which
we denote by L,(h, e, A). Using coproduct (2.15) we can consider the tensor products of
the form

Ly(h,e,2) @ Ly(h', &', 1) 3.5)

as Y4 (gl,)-modules. It is clear that this Y, (gl,)-module coincides with the restriction of (3.5)
regarded as a U, (g[,,)-module.

Proposition 3.1. The U, (g?[,,)-module (3.5) is irreducible if and only if its restriction to the
g-Yangian Y ,(gl,) is irreducible.

Proof. The ‘if” part is obviously true. Now suppose, on the contrary, that the Y, (gl,)-module
(3.5) contains a nontrivial submodule W. Then, by (2.12) and (2.15), W is invariant with
respect to all operators of the form

Z(lik — fikuilll) ® (tkj — t_kjufla') ih,j=1,...,n. (3.6)
k=1

This implies that W is invariant with respect to the operators

Z(fik — tikuafl) ® (fkj — tkjua’fl). 3.7
k=1
However, the latter operator is the image of the generator 7;;(u) of U, (QT[,,) in module (3.5).
Therefore, W is invariant under the action of the entire algebra U, (gl,,). But this contradicts
the irreducibility of (3.5). |

Remark 3.2. Since every finite-dimensional irreducible representation V of U, (3[,,) is
isomorphic to a subquotient of (1.2), the above argument can obviously be extended to show
that any such V remains irreducible when restricted to Y, (gl,).

Proposition 3.1 tells us that the irreducibility conditions for tensor products of evaluation
modules over U, (an) and Y, (gl,) are the same. In what follows we work with Y,(gl,)-
modules. Finite-dimensional irreducible representations of Y, (g[,) can be described in terms
of their highest weights in a way similar to the case of the Yangian Y(gl,) [7]; see also
[4, chapter 12] and [18]. The highest weight of such a module L is a collection of formal
power series (v (), ..., v,(u)) in u~" such that

ti ()¢ =vi(u)¢ and L) =0 for i <j (3.8)

for a vector ¢ € L (the highest vector) which is determined uniquely up to a constant factor. If
the Y(gl,,)-module (3.5) is irreducible its highest weight is easy to find from (2.15) and (3.1).
It is given by

vi () = (a; —aa;lu_l)(al{—a/aflu_l) (3.9)
where the o; and o] are the components of the highest weights of L, (h, €, 1) and L, (h', &', 1');
see (3.3). Note that for a given nondegenerate diagonal matrix D = diag(d,, ..., d,), the
mapping

T(u) — DT (u) (3.10)

defines an algebra automorphism of Y, (g[,,), as follows from (2.11). Taking the composition
of (3.5) with this automorphism where d; = h’lh”lsisl/. we find that the irreducibility of (3.5)
is equivalent to that of the module

Ly(L) ® Ly(\) b=ah™? b =ah? (3.11)
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where by L(A) we denote the U, (gl,)-module L(h,e,1) withh = 1 and ¢ = (1,...,1).
Similarly, using automorphism (2.13) we find that for any nonzero ¢ € C module (3.11) is
irreducible if and only if the module Lj.(A) ® Ly.(1') is. On the other hand, module (3.11)
is irreducible unless bb'~' € ¢?*. Analogues of this fact are well known both in the case of
Yangians and the quantum affine algebras; cf [4, chapter 12]. One of the ways to prove this is
to show that both the module and its dual have no nontrivial singular vectors by considering
the eigenvalues of the quantum determinant on the module; see (4.20) below. So, we may
now assume that b’ = 1 and b = ¢* in (3.11) for some k € Z. However, using automorphism
(2.13) with d; = ¢~* we conclude that the irreducibility of (3.11) is equivalent to that of the
module L{(A) ® Li(A" — kI) where I = (1, ..., 1). We shall keep the notation L(A) for the
Y, (gl,)-module L, (1) with b = 1. Thus, we may only consider, without loss of generality,
the Y, (gl,)-modules of the form L(A) ® L(u). The irreducibility conditions for a general
tensor product module (3.5) can be easily obtained from theorem 2.2.

4. Quantum minor relations

Here we formulate some well-known properties of quantum determinants and quantum minors;
see e.g. [5, 21].

Let us consider the multiple tensor product Y, (gl,,) ® (End C")®”. We have the following
corollary of (2.9) which is verified in the same way as for the Yangians; cf [20]:

Ruy,...,u)Ty(uy)---T,(u,) = T, (u,) - - - Ty (u)R(uy, ..., uy) 4.1)
where
RGuy,...oup) =[] Rijui.uy) (4.2)
i<j

with the product taken in the lexicographical order on the pairs (i, j). Here, like in (2.9),
the subscripts of the matrices T (1) and R(u, v) indicate the copies of End C". Consider the
g-permutation operator P € End (C" ® C") defined by

PZZEii®Eii+q ZEij@)Eji"'qilZEij@Eji- (4.3)
i i~ i<

An action of the symmetric group &, on the space (C")®” can be defined by setting

s;i = Py, = P fori = 1,...,r — 1, where s; denotes the transposition (i,i + 1). If
o =s;, -+ is areduced decomposition of an element o € &, we set P, = Py, --- Py, . We
denote by A, the g-antisymmetrizer
A =) sgno P,. (4.4)
ceS,

The following proposition is proved by induction on r in the same way as for the Yangians
[20] with the use of a property of the reduced decompositions ([10], p 50).

Proposition 4.1. We have the relation in End (C")®" :

R(Lg7 ....g7") =[] @*-q4,. 4.5)

0<i<j<r—1

Now (4.1) implies that
AT) - To(g P u) = To(g 2 Pu) - Ti(w) A, (4.6)
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which equals
Do) ® Eapy @ -+ ® Eqp, 4.7
tll’,bi

for some elements tZII:AZ: ) €Y, (g[n)[[u’l]] which we call the quantum minors. They can

be given by the following formulae which are immediate from the definition. If a; < - -+ < a,
then

) = > (=) Tty ) -y, (g7 0 4.8)
oel,
and for any t € &, we have

t;lr(l) ar(r)(u) _( q)l(f)tal “ar (u) (49)

Here /(o) denotes the length of the permutation o. If by < --- < b, (and the a; are arbitrary)
then

) = Y (=" a0 (@) -ty () (4.10)
oe’,
and for any 7 € G, we have

o, ) = (=) 1 (). (4.11)

by +be(r)
Note also that the quantum minor is zero if two top or two bottom indices are equal.
As another application of (4.1) we obtain the relations between the generators #; (1) and
the quantum minors. For this we introduce an extra copy of End C" as a tensor factor which
will be enumerated by the index 0. Now specialize the parameters u; as follows:

Up=u u; =q % for i=1,...,r (4.12)

Then by proposition 4.1, element (4.2) will take the form

,
R, v,....q ") = [ [ Roi(u. g0 A,. (4.13)
i=1
Using the definition of the quantum minors (4.7) and equating the matrix elements on both sides
of (4.1) we get the required relations. To write them down, let us fix indices a, b, ¢; < --- < ¢,
andd; < --- < d,. Then we have
Aab.).a) W, V) = By p (o)), V) (4.14)
where

Aabioray (1, v) = (= )ty 1575 ) + (g7 = q)u Z( Dty ()t ()
i=1

+(q ' =g Z (=) T b (g e () (4.15)
i=k+1
if e, <a < c¢py forsome k € {0, 1,...,r}, and

Aabior.@) (W, v) = (¢ 'u — q )ty W)ty "y (V) (4.16)

if a = ¢y for some k. Furthermore,

Bab. (o). (16, 0) = (1t — )15 (W)tap () + (g~ ‘—q)vZ( DT i (W, ()
i=1

g —u Yy (=T ) (W) (4.17)
i=l+1
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ifd <b <dy forsomel €{0,1,...,r},and
Baop(or.a) (1, v) = (¢ — q )17 (0) 1y () (4.18)

if b = d; for some /; the hats indicate that the indices are omitted. In particular, (4.14) implies
the well-known property of the quantum minors: for any indices i, j we have

[tea, @), 15775 ()] = 0. (4.19)
This implies that all the coefficients of the series
qdet T (u) =t/ (u) (4.20)

belong to the centre of Y,(gl,). Element (4.20) is called the quantum determinant of the
matrix T (u). The quantum comatrix T (u) is defined by the relation

Tw)T (g~ u) = qdet T (u). 4.21)
Using definition (4.7) we find that T(u) = Zi’j 7ij(u) @ E;; where

) = (=)'t w). (4.22)
The elements 7; ;(u) satisfy quadratic relations which can be written in the R-matrix form
R, )T Ty () = T1 ) Tr(v) R(u, v). (4.23)

To see this, we multiply both sides of the first R-matrix relation in (2.9) by the product
Ti(u)"'Th(v)~! from the left and by T,(v)~'T;(u)~! from the right. Then substitute
u > g " 2u, v > ¢g~?"*2y and multiply both sides by qdet T (u) qdet T (v) to get (4.23). It
is easy to rewrite this relation in terms of 7; (1) in a way similar to (2.11). We shall also need
the following relation between the quantum minors.

Proposition 4.2. We have

o OG0 ) = 7 OB W) + g 50 ). (4.24)
Proof. We find from the definition of the quantum determinant that
AnTi(u) -+ Tooa(g ™" 0u) = qdet T WA, T, (¢~ uw) ™ Tmi (g7 )~ (4.25)

Equating the matrix elements of both sides and using (4.21) we arrive at the following relation:
fori < jandk </,

(=)™ ) qdet T (g u) = iy ()i (q7u) — g~ iy )i (qPu). (4.26)
The right-hand side is a 2 x 2-quantum minor of the matrix 7 () and we denote it by fikjl ().
Furthermore, by analogy with (4.1) we obtain from (4.23)

R(uy, uz, u3) Ty (ua) To (un) T 1) = Ty () T (u2) T () Ry, s, w3). (4.27)

Now specialize u; = qzv, up = v, us = u and take the coefficients at £, ® E,;, ® E; on
both sides. Using proposition 4.1 and (4.26) we get

(@' = @i Wi W) = (= gPin i)™ ) + v — wh @i, ()
= (g v —quiy, ") W) (4.28)
By putting # = v and rewriting this relation in terms of quantum minors we come to (4.24).

O

The following proposition is proved in the same way as its Yangian counterpart [22]; see
also [20].
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Proposition 4.3. The images of the quantum minors under the coproduct are given by

ap---ay _ a---ay, ciecr
Aiier@) = D0 @) @1 (u)
Cp<-<cCp

where the summation is over all subsets of indices {c, ..., ¢} from {1, ..., n}.

5. Gelfand-Tsetlin basis in L(\)

It has been observed in [17] that the raising and lowering operators for the reduction gl,, | gl,_;
(and more generally for the corresponding Yangian reduction) can be given by quantum minor
formulae. This was used to construct analogues of the Gelfand—Tsetlin basis for generic
Yangian modules. Here we modify the arguments of [17] to give g-analogues of the quantum
minor formulae and construct a basis of Gelfand—Tsetlin-type for the U, (gl,)-module L(1).
Some other constructions of such bases can be found in [12, 21, 26, 27].

A pattern A (associated with A) is a sequence of rows of integers A,, A,—1, ..., Ay,
where A, = (A1, ..., A,) is the rth row from the bottom, the top row A, coincides with A,
and the following betweenness conditions are satisfied: forr =1,...,n — 1

Artlit] S Ari < Apgli for i=1,...,r (5.1

We shall be using the notation /;; = Ay; — i + 1. Also, for any integer m we set
q9" —q7"

—. (5.2)
9-4q

[m] =

Proposition 5.1. There exists a basis {£5} in L(A) parametrized by the patterns A such that
the action of the generators of U, (gl,,) is given by

k k-1
e = q"En W= i — Y it (5.3)
im1 i—1
k
Ukerr — Ll - Ukrnaer — Il
ebn = — : ’ En+ay 5.4
on ; (et — Lo Ay Ll — 1] Avb,
k
Lo — L1l ot — L
fiba zz[k 1,1 — Il e k1 kj]gA—ﬁk,- 5.5)

= Ukt — il - Ay Ll — ]

where A &£ 8 is obtained from A by replacing the entry Ay with Ay £ 1, and & is supposed
to be equal to zero if A is not a pattern, the symbol A indicates that the jth factor is skipped.

Proof. Our proof of this result is based on the relations between the quantum minors given in
section 4. Set

utij — l/l_ll_,‘j
q—q!
Clearly, (¢ — q’l)Y}j(u) = uev(l; @?)); see (2.14). We also define the corresponding
quantum minors Tb“l'_::z" (u) by formula (4.8) or (4.10) where all series #;; (1) are respectively
replaced by 7;;(1). Now for any 1 < a < r < n introduce the lowering operators by

Ta) = ¢ T (). (5.7)

Tij(u) = (5.6)
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Note that by (4.19) we have

Tra (1) Tsp (V) = Ty (V) Tpa (1) (5.8)
ifb<aands >r.
Let u = (U1, ..., yp—1) be an (n — 1)-tuple of integers satisfying the inequalities
)‘-i+l<llfi<)\i 1=1,,n—1 (59)

Introduce the vector

n—1
é/-:u = 1_[ Tha (q_ﬂﬂ_l) * Tha (q_}\a*—l)‘cna (CI_A")E (510)
a=1

where £ is the highest vector of L(A). An easy induction with the use of (4.14) shows that &,
satisfies

&, =0 k=1,...,n—2 and n€, = q"E, k=1,...,n—1.
(5.11)

Thus, if &, is nonzero then it generates a U, (gl,_;)-submodule isomorphic to L(x). Now
given a pattern A, we define vectors £, € L(A) by

—

r—1
r = 1—[ Tra (qi)\r_l"ail) “ Tra (qi)‘raﬂ)fm (6171’”)5- (5.12)

r=2,...na=1

Relation (5.3) easily follows from (5.11) and the defining relations in U, (gl,). We now
derive formulae (5.4) and (5.5) which together with (5.3) will imply that the vectors &, are
linearly independent and form a nontrivial submodule of L()). Since L(}) is irreducible this
submodule must coincide with L (1). Below we shall only give a derivation of (5.4); the proof
of (5.5) is quite similar and will be omitted. Note first, that, as follows from (4.14), if k > r
then e, commutes with the lowering operator 7, (). Therefore, we only need to apply e, _; to
the vector &, defined in (5.10). Leta € {1, ..., n—1} be the least index such that A, — p, > 0.
We use a reverse induction on a with the trivial base a = n (i.e. §, = &). For a nonnegative
integer m, we introduce the products of the lowering operators by

Toa(t,m) = [ | tualg' 0. (5.13)
i=1
We then have
Eu = Tna(q ™™ ha — b (5.14)
where ' is obtained from u by replacing p, with A,. We derive from (4.14) that

1

en1Tua(W) = ¢ TuaWe, 1 — "I ). (5.15)

Then by induction we obtain

en—lq;tu(u» m) = q_m’];m(u» m)en—l - Z qn_a_ifmz (M) e Taa+rll_g,n(ql_lu) e Tnu(qm_lu)~
i=1
(5.16)
Consider now the subalgebra Y, of Y,(gl,) generated by the coefficients of #;;(u) with
a < i, j < n. Using relations (4.23) for this subalgebra we get

Tt (W) Tha(qu) = qTua TS (qu). (5.17)
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This brings (5.16) to the form
en1Tua(u,m) = ¢ " Toa(u, m)e,—y — [mlg" ' Tou(u,m — DTS (@™ 'w).  (5.18)

-n—2.n

By the induction hypothesis, the action of e,_; on &, is found from (5.4). So we only
need to calculate Ta“_frllqun(u)éw at u = g~"~'. For this we use proposition 4.2. Clearly,
relation (4.24) remains valid if we replace each quantum minor with the corresponding minor

in the elements 7;;(u). By the induction hypothesis, we have

n—1
T g e = [ Imi — maléw (5.19)
i=a+l
where m; = pu; — i + 1. Similarly, since Ta“:ﬁjj;‘ (u) commutes with the lowering operators
T, (V), We obtain
Term g gy = T i — maléw. (5.20)

i=a+l

Moreover, by (4.14) we have
Ta+1--~n71 (I/t) — [Ta+1~~~n71(u)’ enfl]q (521)

a+l---n—2,n a+l--n—1

and so, the action of Taafll,::;l":zlﬂ (g —Ha=1y on &, is also found by induction with the use of

(5.19). It is now a matter of a straightforward calculation to check that the resulting expression
for the matrix elements of e, agrees with (5.4). O

6. Proof of theorem 2.2

Here we outline the main arguments in the proof of theorem 2.2. They closely follow the proof
of its Yangian version of [19] with the use of the quantum minor relations given in section 4.
For a pair of indices i < j we shall denote

iy =, L+ 1, N Loy, L)

6.1)
(mj,mi) = {mj,mj+1,...,m,-}\{mj,mj_l,...,mi}

wherel; = A;—i+1andm; = u;—i+1. Inparticular,if A; = A1y =--- = A then({l;, ;) = 0.
It was shown in [19, proposition 2.8] that the condition of theorem 2.2 is equivalent to the
following: for all pairs of indices 1 <i < j < n we have

mj,m; & (lj,1;) or Lili & (mj,m;). (6.2)

We start by proving that these conditions are sufficient for the irreducibility of the Y, (gl,)-
module L(1) ® L(u). Let & and &’ denote the highest vectors of the gl,-modules L () and
L(u), respectively. The key part of the proof of sufficiency of the conditions is to show by
induction on 7 that if { € L(A) ® L(n) is a nonzero vector satisfying (3.8) for some series
v; (u) then

¢ =consté @&, (6.3)

Then considering dual modules we also show that the vector £ ® &’ is cyclic.

Note that the modules L(A) ® L(u) and L(u) ® L(X) are simultaneously reducible or
irreducible. This can be easily deduced from formula (3.9) for the highest weight of the
irreducible module (3.5). So, we may assume without loss of generality that

my, my & (Iy, I1). (6.4)
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Consider the Gelfand-Tsetlin basis {£5} of the U, (gl,)-module L(}); see section 5. The
singular vector ¢ is uniquely written in the form

(=) Ex®na (6.5)
A

summed over all patterns A associated with A, and n, € L(u). We define the weight of a
pattern A as the n-tuple w(A) = (wy, ..., w,) where the wy are given in (5.3). We use a
standard partial ordering on the weights such that w < w’ if and only if w’ — w is a Z,-
linear combination of the elements ¢; — &;,1, where ¢; is the n-tuple with 1 on the ith place
and zeros elsewhere. Choose a minimal pattern A with respect to this ordering among those
occurring in expansion (6.5). Then, exactly as in [19, lemmas 3.2 and 3.3], we show that 10 is
proportional to the highest vector £’ of L (1) and that A” is determined uniquely. Furthermore,
we apply proposition 5.1 to demonstrate that due to condition (6.4), the (n — 1)th row of A? is
A_:=(Aq, ..., A,—1). This means that vector (6.5) belongs to the Y, (gl,_;)-span of the vector
& ® &', which is isomorphic to the tensor product L(A_) ® L(u_). Since conditions (6.2) hold
for A_ and p_, we conclude by induction that (6.3) holds.

The next step is to show that under conditions (6.2) (assuming (6.4) as well) the vector
& ® &' of the Y, (gl,)-module L = L(A) ® L(u) is cyclic. The cyclicity of L is equivalent to
the cocyclicity of the dual module L* = L(A)* ® L(w)* (that is, to the fact that any singular
vector of L* is proportional to £* ® £*). To define the dual modules L (1)* and L(u)* we use
the anti-automorphism o of U, (gl,,) defined by

o e > —e¢ o fir> —f 0:t,-+—>ti_1. (6.6)
The dual space L(1)* becomes a U, (gl,)-module if we set
HW) = flo(yv) y € Ug(gl,) feLm” veL®). 6.7
It is easy to see that the U, (gl,)-module L(A)* is isomorphic to L(—A®), where A =
(Ans ..., A1), and so

L* >~ L(—A?) @ L(—u®). (6.8)
Next we verify that if N is any submodule of L then its annihilator

AmmN ={f eL*| f(v)=0 forall ve N}

is a nonzero submodule in L*. The claim now follows from the fact that if ¢’ is a lowest
singular vector of module (6.8) then ¢’ is proportional to n ® n’, where n and n’ are the lowest
vectors of L(1) and L(u), respectively. This is proved by repeating the above argument for
the singular vector ¢.

To prove the necessity of the conditions of the theorem we use induction on » again. It
is not difficult to see that if the Y, (gl,)-module L(A) ® L(u) is irreducible then so are the
Y, (gl,_)-modules LAy, ..., Ay—1) @ L(i1, .., ty—1) and L(A, ..., ) @ Lo, . .., iy).
Therefore, by the induction hypothesis, conditions (6.2) can only be violated for i = 1 and
j = n. Suppose this is the case. Swapping A and p if necessary, we may assume that
m, € {l,, ;) and [, € (m,, m;). There are two cases. First,

m, € {l,,1,_1) and Iy € (ma, my). (6.9)
Then there exist indices r and s such that

my,...,m. €{l, ... L} Lowty oo lpr € {mypsq, ..., my_1 ).
In particular, this implies that

i —m; € Zy forall i=2,...,n—1. (6.10)
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The second case is
my € (lp+1,lp> and I e (mn—p+1, mn—p> (6.11)

forsome 1 < p <n—2.Thenl,_jyy =m,_;fori=1,...,p—1

We show that in both cases the module L(A) ® L(u) contains a singular vector which is
not proportional to £ ® &’. Indeed, recall that #;; (1) acts in the tensor product as operator (3.6)
with a = a’ = 1. Therefore, the operator T;; (1) = uztij (u?) in L(X) ® L(p) is polynomial
in u. By analogy with (5.7), we introduce the lowering operators

Tra(u) = T2 () (6.12)

and their products

k
Toa(, k) = [ | tnalg’ ") 6.13)
i=1

where k is a nonnegative integer. The numbers
ki =1 —mu_py i=1,...,p
are positive integers and we define the vector 6 € L(A) ® L(u) by
0 =T pr1a(@ " kDT a2 k) T (g7 k) (E @ E)

where 7, (u, k) is the derivative of the polynomial 7,,(u, k). We need to prove that 0 is
annihilated by all operators 7;; (1) with i < j. It suffices to show that

T @0 =0 k=1,...,n—1. (6.14)
Note that by (4.14) we have
T e @) = [T @), ], (6.15)

Since the element tll,f (u) is central in the subalgebra of Y, (gl,) generated by #;(u) with
1 < i, j < k the calculation is essentially reduced to showing that e = 0 for all k. The
action of e; on 6 is found by a modified version of the argument which we used in the derivation
of (5.4); cf [19, lemma 4.6].

Finally, to prove that 8 # 0 we write it as a linear combination

0= cambr®E&y (6.16)
AM

where &, and £&;, are the Gelfand-Tsetlin basis vectors in L(A) and L(u). Applying
proposition 4.3 we show that (6.16) has the form

0=céxQE +--- (6.17)
where ¢ is a nonzero constant and
En =Topr1a(@ " k)T p22(@ 2 k) -+ Tap(q 7 Kp)E (6.18)

is a vector of the Gelfand—Tsetlin basis of L()); see (5.12). Thus, 8 # 0 which completes the
proof of theorem 2.2.
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